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Abstract. Relative permeability (𝑘𝑘𝑟𝑟) curves are essential for reservoir management. Commonly, SCAL 
techniques for estimation of  𝑘𝑘𝑟𝑟 curves rely on laboratory core flood experiments. During these experiments, 
temporal data such as volume of produced fluid and pressure drop across the core plug, are used to evaluate 
𝑘𝑘𝑟𝑟 curves as a function of water saturation, 𝑆𝑆𝑤𝑤. Laboratory infidelities, in particular the capillary end effect, 
prevent direct application of Darcy’s law for 𝑘𝑘𝑟𝑟 measurements. Therefore, the analysis of temporal data 
relies on simulations to separate capillary pressure (𝑃𝑃𝑐𝑐) effects from relative permeability. These simulations 
can predict the results of a core flood experiment by using 𝑃𝑃𝑐𝑐(𝑆𝑆𝑤𝑤) and 𝑘𝑘𝑟𝑟(𝑆𝑆𝑤𝑤) as input functions. Therefore, 
the inverse problem is solved by assuming parametrized functional forms for 𝑃𝑃𝑐𝑐(𝑆𝑆𝑤𝑤) and 𝑘𝑘𝑟𝑟(𝑆𝑆𝑤𝑤). The tem-
poral data is then fit by optimizing these parameters to obtain 𝑃𝑃𝑐𝑐 and 𝑘𝑘𝑟𝑟 curves. Magnetic resonance imaging 
(MRI) can be used to monitor the core flood experiment to provide temporal and spatial fluid saturations 
during a core flood experiment. Rapid in-situ saturation monitoring using MRI can be used to give deriva-
tives of saturation with respect to time and position. In this work, a technique is proposed that employs 
saturation derivatives as well as the pressure drop across a core plug to extract model-free 𝑘𝑘𝑟𝑟 curves. To 
validate the proposed method, the core analysis simulation program CYDAR was used to generate saturation 
profiles as well as the pressure drop across the core plug for drainage and imbibition processes, assuming 
𝑃𝑃𝑐𝑐 and 𝑘𝑘𝑟𝑟 curves. These data were then used in the proposed method to retrieve the 𝑘𝑘𝑟𝑟 curves. To showcase 
the validity of the method experimentally, a drainage experiment was conducted to evaluate 𝑘𝑘𝑟𝑟 curves in a 
Bentheimer core plug undergoing first drainage. 

1 Introduction 
An important part of laboratory special core analysis 
(SCAL) is measurement of relative permeability (𝑘𝑘𝑟𝑟) 
curves. These curves are of vital importance in reservoir 
simulations. Reservoir development plans whether for pe-
troleum production or storage of hazardous materials are 
based on analysis of these reservoir simulations and eco-
nomic factors. 𝑘𝑘𝑟𝑟 curves have a direct impact on produc-
tion and injection forecasts of the reservoir simulations. 
Therefore, they significantly influence reservoir manage-
ment decisions [1, 2]. 

𝑘𝑘𝑟𝑟 curves are empirical parameters that correct 
Darcy’s law for multiphase flow in porous media. They 
are function of fluid saturation and distribution of phases 
[2-5]. Therefore, 𝑘𝑘𝑟𝑟 curves integrate wettability and dis-
placement mechanism information into the reservoir sim-
ulation. Robust methodologies for measuring 𝑘𝑘𝑟𝑟 curves 
are essential for ensuring the accuracy and reliability of 
reservoir simulations, ultimately contributing to the 

successful management and exploitation of hydrocarbon 
reservoirs. 

Capillary effects, namely the capillary end effect oc-
cur in laboratory core flood experiments, preventing di-
rect application of Darcy’s law for 𝑘𝑘𝑟𝑟 measurement [6]. 
Additionally, it is important to have a consistent set of 𝑘𝑘𝑟𝑟 
and 𝑃𝑃𝑐𝑐 curves representing displacement experiments. 
Therefore, it is essential to measure capillary pressure and 
relative permeability curves simultaneously in one dis-
placement experiment [7]. However, this presents chal-
lenges due to the large number of unknown parameters 
defining 𝑘𝑘𝑟𝑟 and 𝑃𝑃𝑐𝑐 curves. These parameters are com-
monly fitted to limited measured quantities. Commonly, 
the measured quantities in a core flooding experiments are 
pressure drop across the core plug and production data [8-
10]. In-situ saturation monitoring is increasingly available 
in core analysis laboratories. However, this additional 
data has usually been used to further constrain the optimi-
zation algorithms [7, 11-13]. 

There is a wealth of methodologies to derive relative 
permeability curves reported in the literature [12, 14-17]. 
The common feature of these methods is that they use core 
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flood numerical simulations to fit results of displacement 
experiments [17, 18]. These simulations can predict ex-
periment outcomes if capillary pressure and relative per-
meability curves are available. This process is known as 
forward simulation. However, determining capillary pres-
sure and relative permeability curves requires solving an 
inverse problem, which is inherently ill-posed due to the 
excessive number of unknowns. To mitigate this, para-
metrized functional forms are employed for capillary 
pressure and relative permeability as functions of fluid 
saturations [17, 19, 20]. These parameters are subse-
quently optimized to fit the experimental dataset and de-
rive the desired curves. 

Goodfield et al. [21] proposed a methodology for de-
riving relative permeability curves using in-situ saturation 
data. In their analysis, the pressure drop equation was 
oversimplified, leading to inaccurate relative permeability 
functions. More significantly, the proposed methodology 
was not tested experimentally. In this work, we use the 
proposed method coupled with the correct pressure equa-
tion to derive relative permeability curves. In this work, it 
is shown that model assumption of relative permeability 
curves can be discarded using in situ saturation data. A 
common functional model for relative permeability 
curves is Corey’s model [19]. It is known that complex 
pore structures as found in rocks with vug pores can result 
in non-Corey type relative permeability curves [22]. In 
such cases, an analysis method that does not rely on a pre-
determined functional form for relative permeability 
curves becomes essential.  

In the current work, in-situ saturation data and pres-
sure drop across the core plug are employed to calculate 
relative permeability curves. The methodology is first 
tested using synthetic core flooding data, generated using 
a core flooding numerical simulation software for a drain-
age and an imbibition scenario. To generate the synthetic 
data, relative permeability and capillary pressure curves 
were assumed. The numerical simulation software was 
then used to generate the pressure drop across the core 
plug and saturation data. This data was then used in the 
proposed methodology to re-generate the relative perme-
ability and capillary pressure curves. A drainage experi-
ment was conducted on a water-wet Bentheimer sand-
stone.  

In-situ saturation data was measured using 23Na mag-
netic resonance imaging (MRI). Application of 23Na MRI 
allows acquisition of high-resolution saturation profiles 
without the need to resolve the MRI signal for oil and wa-
ter [23, 24].  

Application this method offers a model-free measure-
ment of relative permeability curves, that can play an im-
portant role in prediction of petroleum production from 
oil and gas reservoirs.  

2 Theory and Methodology 

2.1 Background 

The two-phase Darcy equation is used to model a one-di-
mensional displacement of two immiscible fluids in a core 
plug [25]. 

𝑞𝑞𝛼𝛼 = −
βKA𝑘𝑘𝑟𝑟𝛼𝛼
𝜇𝜇𝛼𝛼

𝜕𝜕𝑃𝑃𝛼𝛼
𝜕𝜕𝜕𝜕

 (1) 

Equation 1 relates flow rate, 𝑞𝑞 to pressure drop along 
the flow direction, 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
. 𝛼𝛼 stands for oil and water phase. 

The proportionality constant in Eq. 1 consists of absolute 
permeability of the porous media, 𝐾𝐾, cross sectional area, 
𝐴𝐴, dynamic viscosity, 𝜇𝜇 of phase 𝛼𝛼, and relative permea-
bility of phase 𝛼𝛼, 𝑘𝑘𝑟𝑟𝛼𝛼(𝑆𝑆𝛼𝛼) which is a function of fluid sat-
uration, 𝑆𝑆𝛼𝛼. 𝛽𝛽 is a unit conversion factor. The continuity 
equation ensures the conservation of mass during the dis-
placement, and it is represented using Eq. 2. 

𝜕𝜕𝑞𝑞𝛼𝛼
𝜕𝜕𝜕𝜕

= −𝜙𝜙𝐴𝐴
𝜕𝜕𝑆𝑆𝛼𝛼
𝜕𝜕𝜕𝜕

 (2) 

where 𝜙𝜙 is the porosity of the core plug. To complete the 
two-phase flow formulation, several auxiliary relations, 
Eqs. 3-5 a consequence of the presence of two phases in 
the core plug, are also required. 

𝑞𝑞𝑡𝑡 = 𝑞𝑞𝑜𝑜 + 𝑞𝑞𝑤𝑤 (3) 

𝑃𝑃𝑐𝑐(S𝑤𝑤) = 𝑃𝑃𝑜𝑜 − 𝑃𝑃𝑤𝑤 (4) 

𝑆𝑆𝑜𝑜 + 𝑆𝑆𝑤𝑤 = 1 (5) 

where 𝑞𝑞𝑡𝑡 represents total flow rate, assuming incompress-
ible fluids, 𝑃𝑃𝑐𝑐 stands for capillary pressure and difference 
in pressure of oil and water phases. Defining fluid mobil-
ity 𝜆𝜆𝛼𝛼 = 𝐾𝐾.𝑘𝑘𝑟𝑟𝑟𝑟

𝜇𝜇𝑟𝑟
, fractional flow of water, 𝑓𝑓𝑤𝑤, and capillary 

dispersion, 𝐷𝐷𝑐𝑐(𝑆𝑆𝑤𝑤) [26], 

𝑓𝑓𝑜𝑜(𝑆𝑆𝑤𝑤) =
𝜆𝜆𝑜𝑜

𝜆𝜆𝑤𝑤 + 𝜆𝜆𝑜𝑜
 (6) 

𝐷𝐷𝐶𝐶(𝑆𝑆𝑤𝑤) = −β𝐴𝐴𝜆𝜆𝑤𝑤𝑓𝑓𝑜𝑜(𝑆𝑆𝑤𝑤)
𝜕𝜕𝑃𝑃𝑐𝑐
𝜕𝜕𝑆𝑆𝑤𝑤

 (7) 

and combining Eqs. 1 and 2 gives a partial differential 
equation, Eq. 8, that describes the evolution of saturation 
in time and space for a two-phase flow problem. 

𝜕𝜕
𝜕𝜕𝜕𝜕

�𝐷𝐷𝑐𝑐(𝑆𝑆𝑤𝑤)
𝜕𝜕𝑆𝑆𝑤𝑤
𝜕𝜕𝜕𝜕

� − 𝑞𝑞𝑡𝑡
𝜕𝜕𝑓𝑓𝑤𝑤
𝜕𝜕𝑆𝑆𝑤𝑤

𝜕𝜕Sw
𝜕𝜕𝜕𝜕

= 𝜙𝜙𝐴𝐴
𝜕𝜕𝑆𝑆𝑤𝑤
𝜕𝜕𝜕𝜕

 (8) 

Solution of Eq. 8 requires boundary conditions. In a 
core flooding experiment, the boundary condition at the 
outlet end is zero capillary pressure. Therefore, the satu-
ration at the effluent is 𝑆𝑆𝑤𝑤(𝑃𝑃𝑐𝑐 = 0). The saturation at the 
inlet is discussed in the literature [27, 28]. In-situ satura-
tion monitoring methods cannot capture the saturation at 
the very edges of a core plug. Therefore, direct application 
of Eq. 8 has not been possible. 

2.2 Saturation Equation During Unsteady-State 
Fluid Injection 
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Goodfield et al. [21] proposed application of Eq. 2 to sub-
stitute the right side of Eq. 8 with 𝜕𝜕𝑞𝑞𝑤𝑤

𝜕𝜕𝜕𝜕
 and then integrating 

with respect to position to give: 

𝑞𝑞𝑤𝑤
𝑞𝑞𝑡𝑡

= 𝑓𝑓𝑤𝑤(𝑆𝑆𝑤𝑤) +
1
𝑞𝑞𝑡𝑡
𝐷𝐷𝐶𝐶(𝑆𝑆𝑤𝑤)

𝜕𝜕Sw
𝜕𝜕𝜕𝜕

 (9) 

Equation 9 allows finding fractional flow of water, 
𝑓𝑓𝑤𝑤(𝑆𝑆𝑤𝑤), and capillary dispersion, 𝐷𝐷𝑐𝑐(𝑆𝑆𝑤𝑤) without 
knowledge of boundary conditions. For a given satura-
tion, 𝑆𝑆𝑤𝑤, Eq. 9 is a linear relationship between 1

𝑞𝑞𝑡𝑡

𝜕𝜕Sw
𝜕𝜕𝜕𝜕

 and 
𝑞𝑞𝑤𝑤
𝑞𝑞𝑡𝑡

, with the slope of 𝐷𝐷𝐶𝐶(𝑆𝑆𝑤𝑤) and intercept of 𝑓𝑓𝑤𝑤(𝑆𝑆𝑤𝑤). 𝑞𝑞𝑤𝑤 
as a function of time, 𝜕𝜕 and position, 𝜕𝜕 can be calculated 
using Eq. 10 [21]. 

𝑞𝑞𝑤𝑤(𝜕𝜕, 𝜕𝜕) = 𝑞𝑞𝑤𝑤(𝜕𝜕 = 0, 𝜕𝜕) − 𝜙𝜙𝐴𝐴�
𝜕𝜕Sw(𝜕𝜕′, 𝜕𝜕)

𝜕𝜕𝜕𝜕
𝑑𝑑𝜕𝜕′

𝜕𝜕

0
 (10) 

2.3 Saturation Equation During Steady-State 
Fluid Injection 

At steady-state conditions, the flow rate in time and space 
is equal to the injection flow rate, 𝑞𝑞𝑤𝑤 = 𝑞𝑞𝑡𝑡. Therefore, Eq. 
9 simplifies to show that 𝜕𝜕Sw

𝜕𝜕𝜕𝜕
 is directly proportional to the 

imposed flow rate, with a proportionality constant that is 
a function of saturation and is equal to 𝑈𝑈(𝑆𝑆𝑤𝑤). 

𝑞𝑞𝑡𝑡 =
𝐷𝐷𝐶𝐶(𝑆𝑆𝑤𝑤)

1 − 𝑓𝑓𝑤𝑤(𝑆𝑆𝑤𝑤)
𝜕𝜕Sw
𝜕𝜕𝜕𝜕

 (11) 

𝑈𝑈(𝑆𝑆𝑤𝑤) =
𝐷𝐷𝐶𝐶(𝑆𝑆𝑤𝑤)

1 − 𝑓𝑓𝑤𝑤(𝑆𝑆𝑤𝑤)  

2.4 Pressure Equation 

Combining Eqs. 1 and 2 for oil and water, and applying 
Eq. 4 to express water pressure as oil pressure leads to Eq. 
12 and 13 [29]: 

𝜕𝜕
𝜕𝜕𝜕𝜕

�
KA𝑘𝑘𝑟𝑟𝑜𝑜
μo

𝜕𝜕𝑃𝑃𝑜𝑜
𝜕𝜕𝜕𝜕

� = −𝜙𝜙A
𝜕𝜕𝑆𝑆𝑜𝑜
𝜕𝜕𝜕𝜕

 (12) 

𝜕𝜕
𝜕𝜕𝜕𝜕

�
KA𝑘𝑘𝑟𝑟𝑤𝑤
μw

𝜕𝜕𝑃𝑃𝑜𝑜
𝜕𝜕𝜕𝜕

−
KA𝑘𝑘𝑟𝑟𝑤𝑤
μw

𝜕𝜕𝑃𝑃𝑐𝑐
𝜕𝜕𝜕𝜕

� = −𝜙𝜙A
𝜕𝜕𝑆𝑆𝑤𝑤
𝜕𝜕𝜕𝜕

 (13) 

Adding Eqs. 12 and 13 eliminates saturations and 
gives an ordinary differential equation for oil pressure. 

𝜕𝜕
𝜕𝜕𝜕𝜕

�
KA𝑘𝑘𝑟𝑟𝑜𝑜
μo

𝜕𝜕𝑃𝑃𝑜𝑜
𝜕𝜕𝜕𝜕

� +
𝜕𝜕
𝜕𝜕𝜕𝜕

�
KA𝑘𝑘𝑟𝑟𝑤𝑤
μw

𝜕𝜕𝑃𝑃𝑜𝑜
𝜕𝜕𝜕𝜕

−
KA𝑘𝑘𝑟𝑟𝑤𝑤
μw

𝜕𝜕𝑃𝑃𝑐𝑐
𝜕𝜕𝜕𝜕

�

= −𝑞𝑞𝑖𝑖𝑤𝑤 − 𝑞𝑞𝑖𝑖𝑜𝑜 
(14) 

where 𝑞𝑞𝑖𝑖𝛼𝛼  is production or injection rate of phase 𝛼𝛼. The 
linearized form of the pressure equation, Eq. 14 is given 
in Appendix A. With known relative permeability curves, 
capillary pressure curves, and saturation profiles, the 
terms 𝑘𝑘𝑟𝑟𝛼𝛼 and 𝑃𝑃𝑐𝑐 in Eq. 14 can be determined. By solving 

the linearized form of Eq. 14, pressure profiles can be ob-
tained. Subsequently, the pressure drop across the core 
plug can be calculated based on the pressure profiles. 

2.5 Parametrized Functions for Capillary Pres-
sure Curve 

Logbeta functions [17] were used to describe the capillary 
pressure as a function of water saturation. This function 
for the primary drainage case, water-wet 𝑃𝑃𝑐𝑐, is given in 
Eq. 15, and for an imbibition process where sample is par-
tially oil wet is given in Eq. 16. 

𝑃𝑃𝑐𝑐(𝑆𝑆𝑤𝑤) = −𝑝𝑝𝑜𝑜 ln 𝑆𝑆𝑟𝑟 + 𝑝𝑝𝑡𝑡  (15) 

where 𝑝𝑝𝑡𝑡  is the threshold pressure describing the pressure 
entry of the core for the oil phase, and 𝑆𝑆𝑟𝑟  is the reduced 
water saturation given by Eq. 17.  

𝑃𝑃𝑐𝑐(𝑆𝑆𝑤𝑤) = −𝑎𝑎. 𝑝𝑝𝑜𝑜 ln
1 − 𝑆𝑆𝑟𝑟

𝛽𝛽

𝑆𝑆𝑟𝑟
𝛽𝛽 − 𝑏𝑏 (16) 

where 𝑆𝑆𝑟𝑟
𝜕𝜕𝑐𝑐=0 = � 1

1+𝛽𝛽
�
1/𝛽𝛽

is the reduced saturation at 

which 𝑃𝑃𝑐𝑐 is zero, and 𝑎𝑎 = 𝑆𝑆𝑟𝑟
𝜕𝜕𝑐𝑐=0(1 − 𝑆𝑆𝑟𝑟

𝜕𝜕𝑐𝑐=0)/𝛽𝛽, and 𝑏𝑏 =

𝑎𝑎𝑃𝑃𝑜𝑜 ln
1−�𝑆𝑆𝑟𝑟

𝑃𝑃𝑐𝑐=0�
𝛽𝛽

�𝑆𝑆𝑟𝑟
𝑃𝑃𝑐𝑐=0�

𝛽𝛽 . 

𝑆𝑆𝑟𝑟 =
𝑆𝑆𝑤𝑤 − 𝑆𝑆𝑚𝑚𝑖𝑖𝑚𝑚  
𝑆𝑆𝑚𝑚𝑚𝑚𝜕𝜕 − 𝑆𝑆𝑚𝑚𝑖𝑖𝑚𝑚

 (17) 

For the primary drainage, 𝑆𝑆𝑚𝑚𝑚𝑚𝜕𝜕 is 1, and the 𝑃𝑃𝑐𝑐 func-
tion has three parameters: 𝑆𝑆𝑚𝑚𝑖𝑖𝑚𝑚, 𝑝𝑝𝑜𝑜, and 𝑝𝑝𝑡𝑡 . For imbibi-
tion, the 𝑃𝑃𝑐𝑐 function has four parameters: 𝑆𝑆𝑚𝑚𝑖𝑖𝑚𝑚 , 𝑆𝑆𝑚𝑚𝑚𝑚𝜕𝜕 , 𝛽𝛽, 
and 𝑝𝑝𝑜𝑜. 

2.6 Methodology 

The workflow to derive relative permeability curves from 
experimental data involves following the 5 steps. Satura-
tion profiles and pressure drop across the core plug are the 
experimental data used in this methodology. 

1. Derivative of saturation with respect to position, 
𝑆𝑆𝜕𝜕(𝜕𝜕, 𝜕𝜕) = 𝜕𝜕Sw

𝜕𝜕𝜕𝜕
 and time, 𝑆𝑆𝜕𝜕(𝜕𝜕, 𝜕𝜕) = 𝜕𝜕Sw

𝜕𝜕𝑡𝑡
 are 

calculated. 
2. 𝑆𝑆𝜕𝜕(𝜕𝜕, 𝜕𝜕) is used in Eq. 10 to obtain 𝑞𝑞𝑤𝑤(𝜕𝜕, 𝜕𝜕). 
3. Fractional flow of water, 𝑓𝑓𝑤𝑤(𝑆𝑆𝑤𝑤), and capillary 

dispersion, 𝐷𝐷𝑐𝑐(𝑆𝑆𝑤𝑤) are calculated using Eq. 9. 
4. A parametrized function for capillary pressure 

curve is assumed, which is then used to calculate 
𝜕𝜕𝜕𝜕𝑐𝑐
𝜕𝜕𝑆𝑆𝑤𝑤

. 
5. This step involves the inverse problem of finding 

the capillary pressure parameters that match the 
pressure drop data. Assuming the capillary 
pressure parameters, Eqs. 7 and 8 give a set of 
relative permeability curves. The relative 
permeability curves and the capillary pressure 
curve are used in the pressure equation, Eq. 14 to 
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give pressure drop across the core plug. The 
parameters of capillary pressure curve are then 
optimized to match the pressure drop across the 
core plug. 

3 Experimental Section 
A primary drainage experiment was conducted to test the 
ability of the method to extract relative permeability 
curves. 

3.1 Rock and fluid properties 

A core plug from a slab of Bentheimer sandstone was used 
for this experiment. The gravimetric porosity of the core 
plug was measured to be 0.24 p.u. using brine solution of 
50 g/L NaCl. The absolute permeability of the core plug 
was measured 1.1 Darcy using brine. During the first 
drainage experiment S20 oil was injected into the core 
plug. Table 1 summarizes the rock and fluid properties. 

Table 1. Rock and fluid properties for the first drainage experi-
ment 

Rock L 
[cm] 

D 
[cm] 

𝜙𝜙 
[p.u.] 

𝐾𝐾 
[D] 

𝜇𝜇𝑤𝑤 
[cp] 

𝜇𝜇𝑜𝑜 
[cp] 

Bentheimer 5.06 3.75 0.24 1.1 1 36.9 

3.2 Core Flooding Instrument and Flooding Pro-
cedure 

Figure 1 shows the core flooding flow diagram. Two phar-
macia pumps (CYDAREX, Kercabellec, France) were 
used to inject oil and water to the sample. A separator 
(CYDAREX, Kercabellec, France) recycles both oil and 
water from the effluent to ensure continuous injection to 
the sample. The separator was also equipped with a level 
reading that allowed measurement of fluid production that 
was recorded using a TC08 USB data acquisition unit 
(OMEGA Engineering, Connecticut, USA). The same 
data acquisition unit was also used to read and record the 
data from a differential pressure transducer (OMEGA En-
gineering, Connecticut, USA) that measured pressure 
drop across the sample. A Quizix pump (Chandler Engi-
neering, Oklahoma, USA) was used to pressurize the con-
fining fluid in the coreholder to 15 bars. 

The core plug was initially washed with alcohol and 
toluene using a Soxhlet instrument to ensure a water-wet 
sample. The sample was then saturated with the brine so-
lution in a vacuum chamber. The sample was then placed 
in the MRI compatible coreholder fabricated from PEEK 
(TOTALEnergies, France). The absolute permeability 
was measured using brine.  

3.3 MR instrumentation 

A cryogen free variable field superconducting magnet 
(MR Solutions, Guildford, Surrey, UK) was used at a 
static magnetic field of 2.99 T to detect sodium-23. This 
magnetic field corresponds to a resonance frequency of 

33.7 MHz for 23Na which is solely present in the brine so-
lution. The RF probe was a homemade birdcage. The 
magnet was permanently connected to a magnet power 
supply (Cryomagnetics, Inc., TN, US). GIT systems soft-
ware (Green Imaging Technologies, Inc., NB, Canada) 
was employed to execute MR measurements. A shielded 
three axis gradient coil driven by Techron (Elkhart, IN) 
7782 gradient amplifiers, provided maximum magnetic 
field gradients of 26 G/cm, 24 G/cm and 33 G/cm in x, y, 
and z directions, respectively. 

3.4 MR methods and Parameters 

Saturation profiles were acquired using the Spin Echo 
Single Point Imaging (SE-SPI) method. The SE-SPI 
method is capable of acquiring quantitative saturation 
profiles with minimal blurring [30, 31]. 

The 1D SE-SPI images had 64 pixels in a field of view 
of 70 mm, giving a nominal pixel size of 1.09 mm. The 
imaging measurement started with a 90° pulse length of 
40 𝜇𝜇𝜇𝜇 followed by a spatial encoding gradient of maxi-
mum of 5.27 G/cm and step size of 0.17 G/cm. 180° pulse 
length of 80 𝜇𝜇𝜇𝜇 produced an echo 5 ms from the 90° pulse. 
The number of points acquired at the echo peak was 64. 
The imaging measurement required 13 mins with 16 sig-
nal averages and 9 echoes. Only the first echo was used to 
construct the image.  

 
Fig. 1. Core flooding setup allowing for continuous injection of 
phases into the core plug. Pressure drop across the core plug 
and production data was recorded. The PEEK coreholder was 
positioned in the MRI instrument to measure fluid profiles with 
time.  

4 Generated Data for Ground-Truth 
Cases 
In this section, we report simulated imbibition and drain-
age displacements generated to give saturation profiles 
and pressure drop data. The core flooding simulation soft-
ware, CYDAR was used to generate the ground-truth 
cases. 
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Fig. 2. Ground-truth drainage displacement case. (a) Relative 
permeability curves of water and oil phase defined based on 
Corey relationships given in Eqs, 18 and 19. Red and blue rep-
resent oil and water phases, respectively. (b) Capillary pressure 
curve defined using Eq. 15 with parameters given in Table 3. 
(c) Saturation profiles and (d) pressure drop were generated us-
ing CYDAR software.  

 
Fig. 3. Ground-truth imbibition displacement. (a) Relative per-
meability curves of water and oil phase defined based on Corey 
relationships given in Eqs, 18 and 19. Red and blue represent 
oil and water phases, respectively. (b) Capillary pressure curve 
defined using Eq. 16 with parameters given in Table 3. (c) Sat-
uration profiles and (d) pressure drop were generated using 
CYDAR software.  

4.1 Rock and fluid properties 

Table 2 presents the rock and fluid properties used in the 
core flooding simulator to generate the saturation and 
pressure drop data for the imbibition and drainage pro-
cess. 
 

Table 2. Rock and fluid properties used for generating the 
ground truth cases 

Process 𝐿𝐿 
[cm] 

D 
[cm] 

𝜙𝜙 
[p.u.] 

𝐾𝐾 
[D] 

𝜇𝜇𝑤𝑤 
[cp] 

𝜇𝜇𝑜𝑜 
[cp] 

Ground-truth 
simulation 
cases 

5 3.81 0.24 1.6 1 32 

4.2 Relative Permeability and Capillary Pressure 
Curves 

Capillary pressure curves were defined using the Logbeta 
functions [17], given in Eqs. 15 and 16. Corey relation-
ships, given by Eqs. 18 and 19, were used to define 𝑘𝑘𝑟𝑟 
curves [20]. The parameters for both relative permeability 
and capillary pressure curves are given in Table 3 for the 
imbibition and drainage cases. Figures 2a and 2b illustrate 
the defined curves for relative permeability and capillary 
pressure in the drainage scenario, while Figs. 3a and 3b 
depict those used in the imbibition scenario. 

𝑘𝑘𝑟𝑟𝑤𝑤 = 𝑘𝑘𝑟𝑟𝑤𝑤𝑚𝑚𝑚𝑚𝜕𝜕  𝑆𝑆𝑟𝑟
𝛼𝛼𝑤𝑤 (18) 

𝑘𝑘𝑟𝑟𝑜𝑜 = 𝑘𝑘𝑟𝑟𝑜𝑜𝑚𝑚𝑚𝑚𝜕𝜕  (1 − 𝑆𝑆𝑟𝑟)𝛼𝛼𝑜𝑜  (19) 

Table 3. Parameters used to define relative permeability and 
capillary pressure curves for drainage and imbibition cases 

Curves Parameters Imbibition Drain-
age 

Relative permeability 
parameters 

𝑘𝑘𝑟𝑟𝑤𝑤𝑚𝑚𝑚𝑚𝜕𝜕 0.6 1 

𝑘𝑘𝑟𝑟𝑜𝑜𝑚𝑚𝑚𝑚𝜕𝜕 0.9 2 

𝛼𝛼𝑤𝑤 2 5 

𝛼𝛼𝑜𝑜 7 2 

Reduced water satu-
ration 

𝑆𝑆𝑚𝑚𝑖𝑖𝑚𝑚 0.1 0.2 

𝑆𝑆𝑚𝑚𝑚𝑚𝜕𝜕 0.95 1 

Capillary pressure 
parameters 

𝑝𝑝𝑜𝑜 [mbar] 50 10 

𝑝𝑝𝑡𝑡 [mbar] – 10 

𝛽𝛽 1 – 

Table 4. Flow rate bumps and their duration for the drainage 
and imbibition cases. 

 Imbibition Drainage 
Rate 
No. 

Duration 
[hr] 

Flow rate 
[ml/hr] 

Duration 
[hr] 

Flow rate 
[ml/hr] 

1 40 0.6 50 0.12 
2 40 3 50 0.3 
3 40 6 50 0.6 
4 40 12 50 1.2 
5 40 30 50 3 
6 40 60 50 6 
7 40 300 – – 

The CYDAR software generated displacement data 
given in Fig. 2c and 2d for the drainage and Fig. 3c and 
3d for the imbibition case. The orientation of displace-
ment was horizontal. In the drainage scenario, the simula-
tion involved injecting oil into rock that was originally 
saturated with brine. The oil was injected at constant flow 
rate conditions, with flow rate bumps specified in Table 
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4. In the imbibition case, water was injected into a rock 
that was initially at uniform irreducible water saturation 
of 0.1 s.u. (saturation units), at constant flow rate condi-
tion, with flow rate bumps given in Table 4.  

Saturation data were generated using forward simula-
tion in the CYDAR software with a 50-pixel resolution 
and with profiles captured at 7 min time intervals. Each 
bump flow rate was continued until steady-state condition 
was reached. Pressure drop data across the core plug was 
also generated using the numerical simulation software.  

5 Implementation 
The key element of the methodology is to first use the sat-
uration data and its derivatives to find either two of the 

functions 𝑓𝑓𝑤𝑤(𝑆𝑆𝑤𝑤), 𝐷𝐷𝑐𝑐(𝑆𝑆𝑤𝑤), or 𝑈𝑈(𝑆𝑆𝑤𝑤). Then, optimize the 
𝑃𝑃𝑐𝑐(𝑆𝑆𝑤𝑤) parameters to match the pressure drop data.  

The first step is to calculate the derivatives of satura-
tions. The ground-truth saturation profiles for the imbibi-
tion and the drainage cases, given in Figures 1 and 2, were 
used to calculate the derivatives of saturation with respect 
to time and position for the drainage and imbibition cases. 
The derivatives for the first flow rate are shown in Fiigure 
4. Quantitative calculation of derivatives of saturation is 
crucial. The synthetic data used in this section was noise-
free. Therefore, the derivatives are calculated with high 
fidelity. The front progression in the sample is evident in 
both the derivative of saturation with respect to time and 
position. 𝜕𝜕Sw

𝜕𝜕𝑡𝑡
 approaches zero at the steady state, while 

Fig. 4. Partial derivatives of water saturation for the first flow rate. Derivatives of water saturation with respect to position (a) 
and time (b) for the ground truth drainage case. Derivatives of water saturation with respect to position (c) and time (d) for the 
ground truth imbibition case. 

 

Fig. 5. Water flow rate in time and space shown for the first flow rate for the ground truth drainage (a) and imbibition (b) cases. 
Water low rate was calculated derivative of saturation with respect to time given in Fig. 4 and using Eq. 10. 
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𝜕𝜕Sw
𝜕𝜕𝜕𝜕

 reaches a steady state profile at the end of each flow 
rate.  

Flow rate of water in time and space was calculated 
using Eq. 10, which uses the derivative of saturation with 
respect to time. The boundary condition, the first term in 
Eq. 10, was constant injection flow rate at the inlet. In the 
drainage case, the flow rate of water approaches zero, 
whereas, in the imbibition scenario, that matches the in-
jection flow rate as the end of the process. The front 
movement is also evident in the flow rate maps. Quantita-
tive calculation of flow rates depends of the accurate cal-
culation of 𝜕𝜕Sw

𝜕𝜕𝑡𝑡
.  

 

Fig. 6. Saturation-dependant functions, (a) 𝑈𝑈(𝑆𝑆𝑤𝑤) and (b) 
𝐷𝐷𝑐𝑐(𝑆𝑆𝑤𝑤) calculated using Eq. 9 and 11 for the ground truth 
drainage case, employing derivative of saturation with respect 
to position and water flow rate. Saturation-dependant func-
tions, (c) 𝑓𝑓𝑤𝑤(𝑆𝑆𝑤𝑤) and (d) 𝐷𝐷𝑐𝑐(𝑆𝑆𝑤𝑤) calculated using Eq. 9 for the 
ground truth imbibition case, employing derivative of satura-
tion with respect to position and water flow rate. The dashed 
lines are the ground truth functions.  

 
Fig. 7. (a) Relative permeability curves derived using the pro-
posed method by fitting the pressure drop in (b) for the ground 
truth drainage case. (c) Relative permeability curves derived 
using the proposed method by fitting the pressure drop in (d) 
for the ground truth imbibition case. The continuous lines are 
the ground truth functions.  

𝑓𝑓𝑤𝑤(𝑆𝑆𝑤𝑤) and 𝐷𝐷𝑐𝑐(𝑆𝑆𝑤𝑤) can be obtained by tracking the 
unsteady-state saturation profiles with time and applica-
tion of Eq. 9, while 𝑈𝑈(𝑆𝑆𝑤𝑤) is obtained using saturation 
profiles at the end of each flow rate bump and application 
of Eq. 11. Figure 6 presents the 𝑓𝑓𝑤𝑤(𝑆𝑆𝑤𝑤) and 𝐷𝐷𝑐𝑐(𝑆𝑆𝑤𝑤) for 

the imbibition case. In Figure 7, 𝑈𝑈(𝑆𝑆𝑤𝑤) and 𝐷𝐷𝑐𝑐(𝑆𝑆𝑤𝑤) are 
shown for the drainage case. The data points match the 
ground-truth curves that are known from the defined rela-
tive permeability and capillary pressure curves.  

Saturation-dependant functions, 𝑓𝑓𝑤𝑤(𝑆𝑆𝑤𝑤), 𝐷𝐷𝑐𝑐(𝑆𝑆𝑤𝑤), and 
𝑈𝑈(𝑆𝑆𝑤𝑤) as indicated in the Eqs. 6, 7, and 11, contain not 
only the relative permeability, but also the derivative of 
capillary pressure. To extract the relative permeability 
functions, parameterized capillary pressure curves were 
used. The parameters were then optimized using “pat-
ternsearch” function in MATLAB to match the pressure 
drop data. The optimized parameters are presented in Ta-
ble 5. The resulting relative permeability curves and 
pressure drop fits for the imbibition and drainage cases 
are given in Figure 7. 

Table 5. Fitted 𝑃𝑃𝑐𝑐 parameters to match the pressure drop across 
the core plug for the ground truth imbibition and drainage 

cases. 

 Reduced water 
saturation 

Capillary pressure 
parameters 

Parameters 𝑆𝑆𝑚𝑚𝑖𝑖𝑚𝑚 𝑆𝑆𝑚𝑚𝑚𝑚𝜕𝜕 𝑝𝑝𝑜𝑜 
[mbar] 𝛽𝛽 

Imbibition 0.1 0.90 10 1.05 
Drainage 0.2 1 10 – 

6 Results and Discussions 
In this section, the drainage experiment described in the 
experimental section is analyzed to derive the relative per-
meability curves, employing two approaches: the method 
outlined in this study and the conventional numerical sim-
ulation method. 

6.1 Proposed Method 

Water saturation profiles acquired using 23Na MRI using 
SE-SPI method are shown in Figure 8. The profiles show 
displacement of brine by the oil phase over time by im-
posing five flow rate bumps, specified in the caption of 
Figure 8. Higher flow rates allowed exploitation of rela-
tive permeability curves at lower water saturation. Deriv-
atives of saturation and flow rate of water are calculated 
and shown in Figure 9. 

Grouping data according to water saturation allowed 
the extraction of the saturation-dependent func-
tions, 𝑓𝑓𝑤𝑤(𝑆𝑆𝑤𝑤) and 𝐷𝐷𝑐𝑐(𝑆𝑆𝑤𝑤). Each point in time and space 
defines a set of associated variables, {𝑆𝑆, 𝜕𝜕𝑆𝑆/𝜕𝜕𝜕𝜕, 𝑞𝑞𝑤𝑤}. 
These variable sets were organized based on a continuous 
increase in saturation values. The data was grouped into 
bins using 100 evenly distributed grid points in saturation. 
Subsequently, Eq. 9 was employed to create a linear rela-
tionship for each saturation, with 𝑓𝑓𝑤𝑤 determined as the in-
tercept of the line and 𝐷𝐷𝑐𝑐  as its slope. The resulting 𝑓𝑓𝑤𝑤(𝑆𝑆𝑤𝑤) 
and 𝐷𝐷𝑐𝑐(𝑆𝑆𝑤𝑤) functions are shown in Figure 10. As per Eq. 
7, 𝐷𝐷𝑐𝑐(𝑆𝑆𝑤𝑤) function includes derivative of capillary pres-
sure. Therefore, to find relative permeability to oil and 
water phase at each saturation, knowledge of derivative of 
capillary pressure is required. To extract relative permea-
bility curves, the capillary pressure functional form was 
selected according to the Eq. 15. The parameters of the 



The 37th International Symposium of the Society of Core Analysts 

capillary pressure function were then optimized to fit the 
pressure drop data. The “patternsearch” function in 
MATLAB was used for the optimization. 

 

Fig. 8. Water saturation profiles acquired using 23Na MRI for 
five oil flow rate bumps, 2, 4, 10, 30, and 60 ml/hr. Darker 
shades of blue represent higher injection flow rates. 

 

Fig. 9. Derivative of water saturation with respect to (a) posi-
tion and (b) time, and (c) water flow rate map calculated using 
Eq. 10 for the oil first flow rate, 2 ml/hr.  

The relative permeability curves extracted as a result 
of the optimization process are given in Figure 11a. The 
pressure drop, which was matched by tuning the capillary 

pressure parameters and solving the pressure equation 
(Eq. 14), is shown in Figure 11b in green. Table 6 presents 
the optimized parameters for capillary pressure curve. 

6.2 Numerical Simulation 

In this section, the conventional approach for deriving rel-
ative permeability curves was employed, which using 
CYDAR numerical simulation to match pressure drop 
across the sample and production data. The relative per-
meability curves were modeled using the Corey functions, 
given in Eqs.18 and 19. Eq. 15 was used for the capillary 
pressure curve. The CYDAR software optimized the pa-
rameters to match the pressure drop and production data. 
Figure 11a shows the relative permeability curves ob-
tained using numerical simulation. The relative permea-
bility curves using the proposed method (data points) 
agree with those from numerical simulation (continuous 
lines). Figure 11b and 11c illustrate the matched pressure 
drop and production data, respectively, in red using 
CYDAR. Table 6 presents the optimized parameters for 
relative permeability and capillary pressure curves by 
CYDAR. 

 
Fig. 10. Saturation dependant functions (a) 𝑓𝑓𝑤𝑤(𝑆𝑆𝑤𝑤) and (b) 
𝐷𝐷𝑐𝑐(𝑆𝑆𝑤𝑤) for the drainage experiment. 𝑓𝑓𝑤𝑤(𝑆𝑆𝑤𝑤) and 𝐷𝐷𝑐𝑐(𝑆𝑆𝑤𝑤) were 
calculated using Eq. 9 and employing derivative of saturation 
with respect to position and water flow rate. 
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Table. 6. Fitted 𝑃𝑃𝑐𝑐 and 𝑘𝑘𝑟𝑟 parameters. 

Curves Parameters Proposed 
method CYDAR 

Relative permeability 
parameters 

𝑘𝑘𝑟𝑟𝑤𝑤𝑚𝑚𝑚𝑚𝜕𝜕 – 1 
𝑘𝑘𝑟𝑟𝑜𝑜𝑚𝑚𝑚𝑚𝜕𝜕 – 1.568 
𝛼𝛼𝑤𝑤 – 5.551 
𝛼𝛼𝑜𝑜 – 1.7 

Reduced water satu-
ration 

𝑆𝑆𝑚𝑚𝑖𝑖𝑚𝑚 0.03 0.02 
𝑆𝑆𝑚𝑚𝑚𝑚𝜕𝜕 1 1 

Capillary pressure 
parameters 

𝑝𝑝𝑜𝑜 [mbar] 2.7 7.738 
𝑝𝑝𝑡𝑡 [mbar] 50 50.3 

Conclusion 
A method is introduced to measure relative permeability 
curves using in situ saturation data. This approach is 
model-free and does not require any assumptions about 
the functional forms of the relative permeability curves. 
In this method, partial derivatives of fluid saturation are 
used along with the governing equations of immiscible 
displacement to give water fractional flow function and 
capillary dispersion function. These functions incorporate 
relative permeability terms and are only functions of fluid 
saturation. A parametrized capillary pressure curve was 
then assumed, and the pressure drop across the sample 
was matched by adjusting the capillary pressure parame-
ters to derive relative permeability curves. The methodol-
ogy was validated using synthetic data for drainage and 
imbibition processes. It was shown that it can determine 
relative permeability curves successfully. Furthermore, 
the method was applied to derive relative permeability 
curves for a Bentheimer core plug subjected to primary 
drainage. The evolution of saturation profiles was ac-
quired using a 23Na MRI method, SE-SPI. Unlike 1H MRI, 
23Na MRI enabled the detection of the brine signal without 
interference from the oil phase signal. The imaging 
method gave quantitative saturation profiles suitable for 
evaluating partial derivatives. The derived relative perme-
abilities were compared with those obtained from conven-
tional numerical simulation using production and pressure 
drop data.  

Fig. 11. (a) Relative permeability curves of oil and water 
phases derived using in-situ saturation tracking method. The 
continuous curves are relative permeability curves fitted by 
CYDAR software. Red and blue colors represent oil and water 
phases, respectively. (b) Black data points are pressure drop 
measured across the core plug. The green dashed line is the 
pressure drop calculated using solution of Eq. 14 with relative 
permeability data points given in Figure 11a and capillary pres-
sure parameters given in Table 6. The continuous red line is 
CYDAR fit. (c) The black line is the measured water volume 
collected at the outlet, and the red line is the fit by CYDAR. 
The dead volume at the outlet was 6.52 ml. 

Appendix A 
For a the saturation profile, Sw(𝜕𝜕), knowing the relative 
permeability curves, 𝑘𝑘𝑟𝑟𝑤𝑤 and 𝑘𝑘𝑟𝑟𝑜𝑜, and capillary pressure, 
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𝑃𝑃𝑐𝑐, the pressure equation given by Eq. 14 can be solved to 
give pressure profiles, P. The linearized from of the Eq. 
14 is given by Eq. A1 [29].  

𝐓𝐓 P = b (A1) 

Where matrix 𝐓𝐓 ∈ ℝ𝑚𝑚𝑥𝑥−1×𝑚𝑚𝑥𝑥−1 contains transmissibility 
terms, 𝑇𝑇𝑜𝑜 = 𝐾𝐾𝐴𝐴 𝑘𝑘𝑟𝑟𝑜𝑜 and 𝑇𝑇𝑤𝑤 = 𝐾𝐾𝐴𝐴 𝑘𝑘𝑟𝑟𝑤𝑤.  The vector b ∈
ℝ𝑚𝑚𝑥𝑥−1 is defined as below: 

𝐓𝐓 =

⎣
⎢
⎢
⎢
⎢
⎢
⎡−�To1+12

+ Tw1+12
� To1+12

+ Tw1+12
0

To2−12
+ Tw2−12

− �To2−12
+ To2+12

+ Tw2−12
+ Tw2+12

� To2+12
+ Tw2+12

⋯ 0

⋮ ⋱ ⋮
                                                                                                                              
           0                                                  0                                                0            ⋯  ⎦

⎥
⎥
⎥
⎥
⎥
⎤

 

b =

⎣
⎢
⎢
⎢
⎢
⎡ Tw1+12

�Pc2 − Pc1� − qoi

Tw2−12
�Pc1 − Pc2� + Tw2+12

(Pc3 − Pc2)

⋮
Twnx−1−12

�Pcnx−2 − Pcnx−1� + Twnx−1+12
�Pcnx − Pcnx−1� − �Twnx−1−12

+ Twnx−1+12
� . Pe⎦

⎥
⎥
⎥
⎥
⎤

 

P = �

P1
P2
⋮

Pnx−1

� 

where Pe is the pressure at the outlet of the core plug, qoi 
is injection rate at the inlet. The numerical indices indi-
cates position. 
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